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Abstract 


We consider a modified version of the Vlasov-Maxwell system in which 
the usual Maxwell fields are replaced by their retarded parts. We show that 
solutions of this modified system exist globally for a small initial density of 
particles and that they describe a system without incoming radiation. 

1 Introduction and main result 

The relativistic Vlasov-Maxwell system (RVM) models the dynamics of a plasma 
consisting of a large number of charged particles under the assumption that the 
particles interact only by the electrodynamic forces that the fields generate collec¬ 
tively. In particular, collisions between particles and external forces are assumed to 
be negligible. 

Examples of physical systems which are thought to be well-modelled by RVM 
are the solar wind and the ionosphere. 

Given the huge number of particles which form the plasma it should be hopeless 
to attempt to describe the state of the plasma by looking at the position and the 
velocity of each individual particle. Therefore a statistical description of the matter 
is needed. In the framework of kinetic theory the microscopic state of the plasma 
is described by specifying a distribution function in the phase space for each species 
of particle. Let us assume for simplicity that the plasma consists of a single species 
of particle with unit mass and charge and set also the speed of light equal to one 
(i.e. c= 1). We denote by f(t,x,p) the probability density to find a particle at time 
t at position x with momentum p , where ( t,x,p ) GK f xRjX Clearly, / > 0. The 
charge density and the current density of the plasma are given respectively by 



( 1 . 1 ) 
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where we denoted by p the relativistic velocity of a particle with momentum p, that 
is 


P 

VT+W' 


( 1 . 2 ) 


The electromagnetic field ( E,B ) generated by the plasma solves the Maxwell 
equations 

(d t E = d x AB-4nj, d x -E = 4np, . 

\d t B = -d x AE, d x -B = 0. 1 j 


The system is closed by requiring that / be a solution of the Vlasov continuity 
equation 

d t f+p-d x f+{E+pAB)-d p f = 0. (1.4) 

The RVM system consists of the set of equations 0) (Q. a short survey on 
the initial value problem for this system will be given at the end of this introduction. 
For later convenience we recall here the definition of the total energy of a solution of 
RVM, which is £ to t(£) =£kin(t) + Afield {t), where £kin(i) is the kinetic energy of the 
particles, 

£kin (t) = jdx J dp\/l + \p\ 2 f(t,x,p) 


and ffieid(i) is the field energy, 


f field (*) = \ J dx(\E(t,x)\ 2 + \B(t,x)\ 2 ). 

(In the previous definitions it is understood that the integrals are extended over R 3 ). 
For smooth solutions of RVM the total energy is finite and conserved for all times 
provided it is finite at the time t = 0 (cf. 2j). 

In this paper we are interested in those solutions of RVM which are characterized 
by the property of being isolated from incoming radiation. Let us first discuss these 
solutions heuristically and then we will give their precise definition. 

The radiation is defined as the part of the electromagnetic field which carries en¬ 
ergy to null infinity , that is to that part of the infinity of the Minkowski space which 
is reached along the null and asymptotically null curves. The null infinity is distin¬ 
guished in future null infinity, which is reached in the limit t— >+oo, |ic| —>+oo, at 
constant retarded time u = t— |x|, and past null infinity, which is reached in the limit 
t— > — oo, |z| —++oo, now at constant advanced time, v = t+ |x|. Correspondingly one 
defines outgoing and incoming radiation to be the part of the electromagnetic held 
which propagates energy to future and past null infinity respectively. 

Since RVM is symmetric with respect to the transformation t —> — t (time reflec¬ 
tion 1 ), this system will contain in general outgoing as well as incoming radiation. In 
order to give a precise definition of solutions of RVM which do not contain incom¬ 
ing radiation, let us consider the energy £- m (vi,V 2 ) carried by the held to past null 

1 Namely, if (f(t,x,p),E(t,x),B(t,x)) is a solution, then (f(—t,x,—p),E(—t,x),—B(—t,x)) gives 

a new solution of RVM. 
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infinity in the interval [^ 1 ,^ 2 ] of the advanced time. This quantity can be formally 
calculated by the limit 

rV2 

£in(vi,V 2 ) = — lim / dv 
r ^+ ao Jv l 

where w = x/\x\ and E t\B is the Poynting vector (the minus sign comes from the 
convention to consider positive the flux of energy flowing in onto the system). We 
will say that a solution of RVM is isolated from incoming radiation if <£’i n (i'i, 1 ^ 2 ) =0, 
for all vi^eR. 

In this paper we are mainly concerned with the question whether the solutions 
of RVM isolated from incoming radiation are represented by the retarded solution 
of the equations. For this purpose we restrict ourselves to consider the system 


1 1 a; |=r 


dx (.£/ AB) • uj^ =v _ r: 


d t f+p-d x f+{E ret +p/\B iet )-d p f = 0, (1.5) 

E ret (t,x) = - [ dy (d x p+d t j)(t-\x-y\,y), (1.6) 

J \x-y | 

B iet (t,x) = [ dy A d x Aj)(t-\x-y\,y), (1.7) 

J \x~y | 

where p and j are defined by O). We will refer to the system (11.511 111. 711 as the 
retarded relativistic Vlasov-Maxwell system, or RVM ret for short. 

Let us briefly comment in which sense the solutions of RVM re t have to be con¬ 
sidered as solutions of RVM. Assume first that / ret is a C 1 global solution of RVM ret 
and that also ( E let ,B ret ) is C 1 . By means of O. p and j satisfy the continuity 
equation, d t p + d x -j = 0, and therefore the retarded field is a solution of the Maxwell 
equations. Thus, (f le t,E ret ,B let ) is a solution of RVM. The same is true if / re t is a 
semiglobal solution of RVM let , i.e. a solution defined for t£ (— 00 ,T], where T 6R. 
However it is clear that there is no meaningful notion of local solutions of RVM ret . 
For the retarded field at a point ( t,x ) is obtained by integration over the whole past 
light cone with vertex in ( t,x ) (no initial data for the field are imposed) and so the 
field at time t is determined if and only if a solution has been constructed in the 
interval (— 00 ,t]. 

We can now state the main result of this paper. This is a global existence and 
uniqueness theorem for small data of solutions of RVM re t which we also show to be 
isolated from incoming radiation in the sense specified above. 

Theorem 1 Let f ln (x,p) > 0 be given in Cq x R^) and R> 0 such that f ln (x,p) = 
0 for \x\ 2 + \p\ 2 > R 2 . Define 


2 

A= Y, l! v/ V in ll 


ImI=o 


where p, £ N 6 is a multi-index. Then there exists a constant e > 0 depending only 
on R such that for A < s, RVM let has a unique C 1 global solution / ret satisfying 
/ re t(0,a;,p) = f' n (x,p). Moreover (E ret ,B let ) e C 1 (Rt x ®^) and there exists a positive 
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constant C = C(R) such that the field satisfies the following estimates for all (t,x) £ 
R t x R3: 


\E iet (t,x)\ + \B iet (t,x)\ < CA(l+|t| + |:r|) 4 (1 + \t- |x||) \ (1.8) 

\DE iet (t,x)\ + \DB iet (t,x)\ < CA(l + |l| + |a ; |)- 1 (l+|t-| a; ||)- 7 / 4 , (1.9) 

where D denotes any first order derivative. Moreover (/ ret ,-E re t,i? r et) is the unique 
solution of R.VM which satisfies 11.HO . 11.yd and f le t(0,x,p) = f ln (x,p). 

The uniqueness assertion of theorem ^ will be made more precise in proposition 
0 below. The fact that the solution of theorem 1 is isolated from incoming radiation 
is a consequence of the estimate (II. SI) . 

This paper is organized as follows. In section |3 we recall a few facts on RVM 
which will be needed in the sequel. In section [31 we prove the main estimates on the 
retarded held and the uniqueness part of theorem ^ The existence part is proved in 
section 0] An appendix is devoted to the proof of two technical lemmas. 

To conclude this introduction we mention some important results on the initial 
value problem for RVM. Existence of a unique solution for a short time has been 
proved in H2 A unique global solution is shown to exist in [3j under the a priori 
assumption that there exists a function /3 £ C 0 (R) such that V(t) < (3(f),Mt £ M, where 
V(t) denotes the maximum momentum of the particles up to the time t, i.e.: 

V(t) = sup {\p\: f(s,x,p) ^ 0, for some x gR 3 }. 

o <s<t 

A different proof of this result based on the Fourier transform was given recently in 

Q- 

The result in 2J was applied to prove global existence and uniqueness under 
different smallness assumptions on the initial data (cf. 13 E, 13) and for arbitrarily 
large data in two space dimensions (i.e. x £ R 2 ) in 7J. Existence, but not uniqueness, 
of global weak solutions is proved in [J. 

The non-relativistic limit of RVM is the Vlasov-Poisson system (VP). For a single 
species of particles with unit positive charge and mass the VP system is given by 


d t f + v ■ d x f + d x U ■ d v f = 0, 

A U = 4np, 

where U is the electrostatic potential, v the classical velocity of the particles, / = 
f(t,x,v) and p = Jdvf. The initial value problem for VP has been proved to be 
correctly set for general initial data in (cf. also mm) and the convergence 

of solutions of RVM to solutions of VP, when the speed of light tends to infinity, has 
been established rigorously in m- The a priori estimates proved in [H| show that 
the solutions of VP do not contain radiation. In order to measure an energy lost to 
infinity for VP (in a non-relativistic sense, i.e. at spacelike infinity) an extra dipole 
term has to be added into the equations (cf. [TOj'). 
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2 Preliminary results 


In this section we recall some well-known results on RVM which will be used later 
on. We start by fixing a bit of notation. The symbol T will denote the free transport 
operator, that is 

T = d t +p-d x . 

We denote by C a generic constant which may change from line to line but which 
depends only on R. If a constant depends on R and on other parameters, it will be 
denoted by C*. The partial derivative with respect to Xi (i = 1,2,3) will be denoted 
by d Xi , while any derivative of order k with respect to t and/or x will be denoted 
by D fcI (namely, Dg = d t g or d Xi g , D 2 g = dfd\.d^..g, a + b + c = 2 and so on, with the 
convention D°g = g). The L°° norm of a function g{x i,...,x n ) with respect to the 
variables Xk+i,--,x n will be denoted by ||fl l (xi,...,a;fc)|| 00 . The L p norm is denoted 
by || ■ || lp- The notation || • || w is used for the norm defined in section 0] below (cf. 
(3.4)). We also set F= (E,B). 

The Vlasov equation can be reduced to a system of ordinary differential equations 
by using the method of characteristics. Consider the following “initial” value problem 
for the function (X,P) :M. S —->R 6 : 


— = E{s,X) + PAB{s,X), 
as 

(X(t),P{t)) = {x,p). 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 


Let (X(s,t,x,p),P(s,t,x,p)) denote the solution of the previous problem (sometimes 
it will be denoted by (X(s),P(s)) for short). Then the solution of the Vlasov equation 
is given by 

f(t,x,p) = f in (X(0,t,x,p),P(0,t,x,p)). (2.4) 

By (E3Jl, supp[f(t)]={(x,p):f(t,x,p)^0}CE(t) where 

Z(t) = {(x,p)£M. 3 x xR 3 p s.t. \X(0,t,x,p)\ 2 + \P(0,t,x,p)\ 2 <R 2 }. 

Moreover, since the characteristics flow preserves the Lebesgue measure, the L p norm 
in phase space of the particle density is conserved: 

||/(i)||ij> = VI <p< oo, t gK. (2.5) 


We also recall the following 

Definition 1 A solution ( f,F) of RVM is said to satisfy the “Free Streaming Con¬ 
dition” (FSC) with respect to the constant g>0 if there exists a> ^ such that 

\F(t,x)\ < fXl + |f| + M) -a (l + R+|f| — M) -a , 

\d x F(t,x)\ < ? 7 (l + |t| + |a;|) _a (l + I?+|t|-|a;|) _a_1 , 

for t£M and |x| <i?+|t|. 
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The following lemma contains some estimates on the characteristics which are 
due to FSC. 

Lemma 1 There exists a constant 770 > 0 such that if ( f,F) is a C 1 solution of RVM 
which satisfies FSC with respect to rj<rjQ, then for all {x,p) £S(f) and t £R: 


V{t)<2R, (2.6) 

\d x {X,P)(0,t,x,p)\<C, (2.7) 

\d p (X,P)(0,t,x,p)\<C(l + \t\). (2.8) 

Moreover for all (x,Pi) gB(t) (i=l,2) andt£ K: 

\X{0,t,x,Pi)-X(0,t,x,p 2 )\> C\p! -P 2 \\t\. (2.9) 

Proof: The estimates (EH) and ESI are proved for example in [jjJ, lemmas 1 and 2 . 
The proof of ( 12.811 is identical to the one of E3> and the latter is given in lemma 
5.6 of P2|. □ 

We will use repeatedly the following consequence of (12.611 . Assume that V[t) < 
/3, Vi £ R, for some positive constant /3. Then 

\X(s,t,x,p)\<R + a((3)\s\, V(a:,p) £S(f), V(s,f) eR 2 , (2.10) 


where 

a{P)=P/y /1 + /? 2 < 1 . ( 2 . 11 ) 

In fact by o, sayfors>0, |X(s)| < i?. + sup 0<T<s \P{T,t,x,p)\s. Moreover 


|P | 2 = 1-- 


< 1 — ■ 


P 2 


■=a(P)- 


1+|P| 2 “ 1+P 2 1 + P 2 

and therefore sup 0<T<s |-P(r,f,ir,p)| <a(/3). In particular, setting s 

f(t,x,p) = 0, for |rc| >R + a{p)\t\. 
Corollary 1 Under the assumptions of lemma 01 

||^/(i)||oo<C||V/ in || 00 (l + |i|) fe , j + k = 1, 
Vol[supp/(i,x,-)] < C(l + |i| + |re|)^ 3 . 


t in 12.1 Oil . 

( 2 . 12 ) 


(2.13) 

(2.14) 


Proof: The estimates EHH follow directly from itoii . iFn . E 3 - For EH define 
A(t,x) = suppf(t,x,-) = {p<ER 3 :f(t,x,p)^0}. By 12.41) and 12.611 we have 


A(t,x) C {p: \p\ < 2R}n{p\ \X(0,t,x,p)\<R}=UC\V. 

For |i| < 1 we use that Vol[.A(f,x)] < Vol[W] < C< C{1 + |f|) -3 . For |i| > 1 we use that 
Vol[.4(f,:r)] < Vol[V]. Ifpi,P 2 £V and 77 <770 then, by inequality 12.91) . 

C\ P i -p 2 \ |i| < \X(0,t,x,pi) -X(0,t,x,p 2 )\ < 2 R. 
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This means that the set V is contained in a ball with radius C\t\~ x , whose volume is 
then bounded by C(l +|f|) -3 . Moreover, for |x|<i?+|t| we have also C'(l + |t|) _3 < 
C(l+ |f| + |a;|) _3 and so (12.141) is proved. □ 

A key ingredient in the proof of theorem 1 is the analogue for the retarded solution 
of the integral representation formulae for the Held and the gradient of the field which 
have been proved in *3i. We denote by K ret the Lorentz force, K ret = E let +pf\B let . 


Lemma 2 Assume V(t)</3 for some positive constant /3. Then there exist two 
smooth functions Or, 02 uniformly bounded in the support of f such that 


E ie t(t,x) = — f dy [ dpai(u,p)f(t-\x-y\,y,p) 
Jn„ \x-y\ z J\v\<8 


I n a \x-y \ 2 J\p\<p 

- I | ^ | / dpa 2 {uJ 1 p)K ret f(t- \x-y\,y,p), (2.15) 

J n a \x-y\J\p\<p 

where ui= (y — x)/\y — x\, a = a((3) is given by \2.11\) and f l a denotes the set 


tt a (t,x) = {y£R 3 : \y\<R + a\t-\x-y\\}. 


An analogous representation formula with two slightly different bounded kernels holds 
also for B let . 

Sketch of the proof: The proof of lemma 0 is identical to the one of theorem 3 in 
J3], the kernels of the integral representations being also the same. We give here the 
idea of the proof for sake of completeness. By (ton and o we have 

£ret(M) = - / | ^ | [ dp{d Vi f+Pid t f){t-\x-y\,y,p). (2.16) 

jQ a y I J ipi</3 

To justify that the integral w.r.t. y in mm is extended over the set Q a we notice 
that, by mu, f(t — \x — y\,y,p) = 0 for \y\> R + a\t — \x — y|j. In particular, since 
a<l, then fl a {t,x) is bounded for any fixed t £R and 16 I 3 . Now we express 
dy i f(t—\x — y\ 1 y 1 p) and dtf{t—\x — y\,y,p) in terms of the perfect derivatives of 
f(t—\x — y\,y,p) via the identities 

d Vif(t~\x-y\,y,p) = uj i {l+u)-p)~ 1 Tf{t-\x-y\,y 1 p) 

+ ( s ik - d y k [/(*— \ x ~yly>p)]> ( 2 - 17 ) 


dtf{t-\x-y\,y,p) = (1 +ui-p) 1 T f(t-\x-y\,y,p) 

~ 1+u-p dvk lf(t-\x-y\,y,p)}- ( 2 - 18 ) 

We substitute (I2T7I) and HTWi into J2T6l and integrate by parts. Since / vanishes 
on the boundary of Q a , we obtain 

Eret(t,x)=- I 1 dy , 2 [ dpa 1 (uj,p)f{t-\x-y\,y,p) 

Jn a \x~y r J |p|</3 
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dy 


T S/I. 


\p\<P 


dpb(u,p)Tf(t — \x — y\,y,p), 


(2.19) 


where 


ai(w,p) 

b(v,p) = 


U!+p 

{l+p 2 ){l+uj-p) 2 ’ 
w+p 
l + u-p 


( 2 . 20 ) 

( 2 . 21 ) 


By O, Tf= —K ret ■ V p f. Substituting into cnn and integrating by parts in p, 
we get ll2J5ll with 02 = d p b (again, since / vanishes for \p\ = (3 there are no boundary 
terms). The kernels Oi, a 2 are bounded by Ci/l+p 2 (see 0]). Thus in the present 
case, because of our assumption V(t) </?, they are uniformly bounded. □ 

The following lemma contains the analogous representation for the derivatives of 
the retarded field and corresponds to theorem 4 of 0: 

Lemma 3 Assume V(t) </? for some positive constant /3. Then there exist smooth 
functions bi, 62 , &3 uniformly bounded in the support of f such that 


DE iet (t,x)= - 


dy 


/ n a \x~y \ 3 J\ p \<f} 

f dy 

in a \x-y \ 2 J \ p \<0 

f dy 


I\x y\ J |p|</3 


dpbi{uj,p)f(t-\x-y\,y,p) 

[ dpb 2 (u>,p)K Tet f(t-\x-y\,y,p) (2.22) 
J\v\<0 

dpb 3 (u,p)D(K iet f)(t-\x-y\,y,p). 


Moreover the kernel bi (u,p) satisfies 


/ b 1 (ui,p)dw = 0. (2.23) 

Js 2 

The derivatives of B let admit a similar representation with three different bounded 
kernels b' 1: b' 2 , b(j and b' x also satisfies 12. 2d I) . 

Sketch of the proof: Let I \, I 2 denote the two integrals in (l2~T5l) . By differentiating 
I 2 we obtain the third term in lt 2 ~ 22 ll with b 3 = 02 - Differentiating I\ we get 


Dh(t,x) = - I dy 2 [ dpa 1 (u,p)Df(t-\x-y\,y,p). 

Jn a \x-y\- J\p\<fj 


The absence of boundary terms is again due to the fact that / vanishes on the 
boundary of tt a . In the previous expression we use again (Em (l 2 T 8 l) and then 
integrate by parts. We end up with lt 2 ~ 22 l) after defining properly the various kernels. 
The exact form of the latter quantities is given in Pj but here it is not important; 
the crucial point is that the kernels are uniformly bounded for \p\ </3. The identity 
12.2311 is proved in (Jj. □ 










3 Estimates on the retarded field and uniqueness 

All the estimates in this paper will be based on the following two lemmas: 
Lemma 4 Let I q (t,x) (n= 1,2; ggRJ denote the integral 


I n(t,x) = J {l + \t-\x-y\\ + \y\) q . 

Then for all (t,x) SR* x R 3 the following estimates hold: 

I q <C{l + \t\ + \x\)~ 1 (l + \t-\x\\)~ q+3 , q> 3, 
l2<C(l + \t\ + \x\r 1 (l + \t-\x\\)- q+2 , q> 2. 


Lemma 5 Assume g G C 1 nL°°(R t xi^x R 3 ) and vanishes for |p| > /3. Assume also 
that 



Vol[suppg(£,av)] < C(1 + t + a;) 3 , 

(3.1) 


Dg£L°°( R t xR 3 xR 3 ). 

(3.2) 

Let bi (u>,p) be smooth and satisfy I2.2A). Then the integral 


I(t,x) 

~ , ,3 [ dpbi{uj,p)g(t \x y\,y,p), 

J \x-y\ J\p\<p 

(3.3) 

satisfies the estimate 




|/(t,a:)|<C4IM|oo + ||^l|oo)(l + |i| + N)- 1 (l + |t-| a; ||)- 7 / 4 ) 

for all (t,x) £l t x R 3 , where C * = C*(f3). 


The quite long and technical proofs of lemmasQlandElare postponed in appendix. 
We denote by ||F||ii, the weighted norm: 

||F|U = sup[(l + |t| + | a; |)(l + |t-|x||)qF(Lx)|], (3.4) 

t,X 

where w>0 and set F re t = (E le t,B re t)- In the following two propositions we esti¬ 
mate the retarded field generated by a solution / ret of RVM re t with initial data and 
regularity as stated in theorem UJ 

Proposition 1 Assume V(t)<j3 and iV.71) holds for g = / ret . Then there exists a 
constant e>0 which depends on R and f3 such that for ||/ ln ||oo<£ the retarded field 
satisfies the estimate 

||F r et||i<a||/ in ||oo, (3.5) 

where C* = C* ( R , /3). 
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Proof: Using ED to estimate 12. 151 we get, with the notation of lemma @1 


\E ret (t,x)\<C4f in \\ 00 I%(t,x) + C4f i ' 


dy |F re t(t-|x-y|,y)| 
\x-y\ (l + |t-|x-y|| + |y|) 3 ' 


An analogous estimate holds for B let and so we have 

l^ret(M)| < allfloo/fMRalinioo / ^ J 1 ' 0 ^~ f’ f ’) 

Jn a \ x ~y I (1 + r — F — 2/11 + |y|) 3 

<C',||/ in ||oo/!(t,*)+C , ,||/ in ||oo||i ;, ret||l 

< 0, || r II oolUt, *) + C* II f 11 II » ll^ret || ill (t, X ) . 


Here we used that 


(l + |f-|x-yHy||) 1 <C'*(l + |t—|a: —y|| + |y|) 1 (3.6) 


holds for yGfl a . In fact 

l + \t-\x-y\\ + \y\ 
l + \t-\x-y\-\y\\ 


< (1 + 2 R) 

< (1 + 2 R) 


< 2 


1 + |t— |% —y|| + |y| 
l + 2i?+ |t — |a; —y| — |j/|| 
l + i?+(l + a)|t— \x — y\\ 
l + R+(l — a)\t-\x — y\\ 

i±^)=a. 

1 — a J 


Hence, by lemma 0] 


(l+|i| + |x|)(l+|t —|x||)|F ret (f,x)| <C'»||/ m ||oo+C'*||/ m || 00 ||+ret||l 

and so (l-C'*||/ ln || 0 o)||+'ret||i <C'*H/ m || 00 , which implies l l+St for ||/ m ||oo < 1/2C*. 

□ 

By the same argument we can prove the following a priori estimate on the deriva¬ 
tives of the field. 


Proposition 2 Assume V{t)<(3 and l,V+|l . 1+ 2IJ hold for g = f le t . Then for a 
proper small ||/ m ||oo> the retarded field satisfies 


\\DF ret \\ r/4 <C*z, (3.7) 

where z= (1 + ||/ m ||oo)(||/ m ||oo + \\Df\\oo) and C* = C*(R,/3). 

Proof: By 12.2211 we have, 


\DE iet (t,x)\ < \I\ + \II\ + \III\ 

+CJf 


f dy \DF iet (t-\x-y\,y)\ 
ln a \x~y\ (l + \t-\x-y\\ + \y\) 3 ' 
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where I is the integral (TOli with g = / ret and 


II(t,x) 
11 lit, x) 


[ dy [ 

ln a \x~y\ 2 J\p\<0 


dy 


in, 


a \ x -y\■ 


\p\<0 


dpb 2 {uJ,p)K let f(t-\x-y\,y,p), 

dpb 3 (uj,p)K let Df(t~\x-y\,y,p). 


To estimate II and III we use id. 5ii and id. (in . So doing we get 


II{t,x) <C'*||/ in ||^ 0 /|(f,:r), 


niit^^c^wruwDfw^iiit^x) 


and therefore, using lemmas 0] and 0 


\DF ret (t,x)\ < C*z(l + \t\ + \x\) *(l + |t-|z||) 7/4 

/' dy \DF let (t~- \x — y\,y)\ 


+C*\\f" 


< 


j n a \x~y\ (i+\t-\ x ~y\\ + \y \) 3 

C*z 


(i+|t| + N)(i+|t-NI)V4 


+ C'*||/ m ||oo||^ ret || 7/4 Ji 


23/4 


Hence, by lemma 0] 

pF ret || 7/4 (i-a||/ in ||oo)<a*, 

which concludes the proof. □ 

We also notice that (1751) . (1X71 implies FSC w.r.t. g = C*z. In particular for the 
approximation sequence defined in section below we will have r) = CA for a proper 
small A. 

To conclude this section we prove the uniqueness part of theorem 1: 

Proposition 3 Let f m (x,p) > 0 be given in Cq(R:), x R^) and consider the following 
class of solutions of RVM: 


X)(/ in ,77) = {if,F) G C 1 : f(0,x,p) = r(x,p), 

iinioo+iivnu^, 

if,F) satisfies FSC w.r.t g, 

F{t, •) GL 2 (R 3 ), ||F(i,-)|| L 2-»0 as t > oo}. 


Then there exists a positive constant go such that for g< go either ®{f ln ,g) is empty 
or it contains only one element. 

Proof: Let (f 1 ,Ei,B 1 ) and if 2 ,E 2 ,B 2 ) be two solutions of RVM in D(/ ln , g) and put 
Sf = if i — / 2 ), SE= iEi~E 2 ), SB = (I?i — B 2 ). Then i5f,5E,5B) satisfies the system 


d t Sf +p- d x 5f + iE 1 +pf\B 1 )-d p 5f = -i5E+p/\6B)-dpf 2 , (3.8) 

/ d t SE = d x ASB-AnSj, d x -5E = 4ir5p, . 

1 d t 6B = ~d x R6E, d x -SB = 0, 1 j 
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with initial data Sf(0,x,p) = 0 and where Sp=Jdp5f,Sj = JdppSf. Our aim is to 
show that 5f = 5E = 5B = 0. However we remark at this point that it is sufficient to 
prove this for t < 0. For, if the uniqueness holds in the past, then (7? j), i = 1,2, 
will be solutions of RVM with the same initial data and then, since for a proper small 
rj the estimate V(t) < 2 R is satisfied for all f > 0 (see lemma 0, the uniqueness in the 
future follows by |3]. Hence we assume t < 0 in the rest of the proof. The L 2 solution 
SF=(SE : 5B) of 13.91 which satisfies \\SF(t,-)\\L 2 —>0 for t — * — oo is unique, because 
the L 2 norm of a solution of the homogeneous Maxwell equations is constant. We 
claim that, for a proper small ?y, this solution is represented by 

6E(t,x) = - J ^ (d x 6p+d t 5j){t-\x-y\,y), (3.10) 

SB(t,x) = [ dy (d x /\5j)(t-\x-y\,y). (3.11) 

J F —2/1 

(Note that (13.101) . (13.111) define a solution of (THJli because 6p, Sj satisfy the continuity 
equation dt6p + d x - Sj = 0 as a consequence of (O). To this purpose we first note 
that ||<5/(t)||oo <2||/ m || 00 and that, for a proper small p, 


Sf(t,x,p) = 0, for |x| >R — a(2R)t, (3-12) 

Vol[supp6/(f,x,-)] < C(1 —1+ |x|) -3 , (3.13) 

ll^/(t)||oo<C'||V/ in || 00 (l-t) fe , j + k = 1, (3.14) 

cf. 12.121) and corollary |2 Moreover, the function m admits an integral repre¬ 
sentation formula similar to that one given in lemma 0 


5E(t,x) 


x ^ y \2 J dpai(w,p)5/(t-|a;-y|,y,p) 

J d P b ( uj ’P) TS f( t ~\ x ^y\’y^p)^ ( 3 - 15 ) 


cf. 12.191) (it is understood that the integrals in y are over fl a and the ones in p are 
over {|p| < 27?}). By 13.811 we have 


TSf=-(E 1 +pA B 1 )-dpSf-(6E+pA6B)-d p f 2 - 
Substituting into 13.1511 and integrating by parts in p we get 

dy 


m ' x) = - 1 FF? S 


x-y | 2 , 

_jjy_ I 

J \x-y\J 

-fJV- I 

J \x-y\J 

= /+//+///, 


dpa 1 (uj,p)Sf(t - \x-y\,y,p) 
dpa 2 {u>,p)(E 1 +pAB 1 )5f(t-\x-y\,y,p) 
dpa 2 (oJ,p){dE+pA8B)f 2 (t-\x-y\,y,p) 


where a 2 = d p b (cf. 12.211) 1. By 13.1 3D . the integral I is bounded by 
\I(t,x)\<C\\Sf\\ 00 ll{t,x)<C\\f ln \\ 00 (l-t+\x\y z . 


(3.16) 
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To estimate II(t,x) we use that for y€LQ a the free streaming condition in the past 
gives 


\{E 1 +pAB 1 )\<r](l-t + \x-y\ + \y\) a (l + R-t+ \x-y\-\y\) “ 

< C(l-t + \x-y\ + \y\)~ 2a <C(l-i+|a;-y| + |y|) _1 , 

since a> The same applies for SE+p/\SB in III(t,x) and so we get 

|//(t, a; )| + |///(t^)|<C(||5/|| 00 + ||/ in || 00 )/f(t,a ; )<C||/ in || C0 (l-t+| a; |)- 2 . 

Substituting these estimates into and using the same argument for SB we get 

|^|<C||/ in || 00 (l-t+|a;|)- 2 

and so ||d.F(t, •) ||l 2 —>0 as t—>~ oo, as we claimed. We are able now to complete the 
proof of proposition [3] Let us introduce 


||5F||'= sup [(l-f+|x|)|<5F(t,x)|]. 

x;t< 0 


By EHIt we have 

i^(t^)i<c(ii5/ii 00 +nrii 00 ||5Fir)(i-t+N)- 2 . 


(3.17) 


On the other hand, integrating COO) along the characteristics of the Vlasov equation 
and using m> we get 

||«/||oo<C'||V/ in || 00 ||5F|| , (l-t). (3.18) 


Combining iTHTl) and (Tna we get 

i^(t,x)i<c[iivrii 00 +iirii 00 ]|i^ir(i-t+|x|)- 1 . 


Hence, from the analogous estimate on SB we find 

\\SF\\'<C V \\6F\\' 0 

which entails ||5.F|| , = 0 for ?;<C _1 and thus SF = Sf = 0. □ 

We remark that the meaning of the last condition in the definition of £>(/ ln ,ry) 
is that all the energy is contained in the particles in the limit t —oo. However 
this energy is not carried to past null infinity since the particles always move, even 
asymptotically, at velocities strictly smaller than the speed of light. The solution of 
theorem HI belongs to the class 2)(/ m ,C' A) and therefore, for a proper small A, it is 
unique in this class. 


4 Proof of existence 

The existence part of theorem^ is proved by a standard recursive argument which 
we split in three steps: 
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Step 1: The approximation sequence 

We define: fi(t,x,p) = f in (x-pt,p), 

Ei(t,x) = J ^ y \ \-d x Pi-d t ji\(t-\x-y\,y), 

B 1 (t,x)= [ dy , [d x /\ji\(t-\x-y\,y), 

J \x~y | 

where pi = f dpfi,ji = Jdppfi and set F\ = (Ei,B±). This solution corresponds to 
the case in which the particles do not interact with the field, i.e. the force term in 
G3J> is omitted. Now, supposing that f n is been defined, we build p n ,j n ,E n ,B n via 
the formulae p n = fdpf n , j n = fdppf n , 

f dy 

Enij'iX') J -j— —[ d x Pn &tjn\{J' \x 2/1?2/)? 

B n (t,x) = [ dV , [d x Aj n \(t-\x-y\,y) 

J \x-y | 

and put F n = (E n ,B n ). Now consider the following initial value problem for the 
function ( X , P): M s —> R 6 : 

^=P, E = En + PAB n , ( 4 . 1 ) 

as as 

(X(t),P(t)) = (x,p). ( 4 . 2 ) 

Let (X n +i(s,t,x,p),P n +i(s,t,x,p)) denote the classical solution of the previous prob¬ 
lem (sometimes it will be denoted by (X„ + i(s),P„ + i(s)) for short) and define /„+1 
as 

f n+1 (t,x,p) = f in (X n+1 (0,t,x,p),P n+ i(0,t,x,p)). ( 4 . 3 ) 

fn+i solves the following linear equation: 

dtfn+i +p-d x f n+ 1 + (E n +pAB n ) ■ d p f n+ 1 = 0 , ( 4 . 4 ) 

with initial datum f n+ i(0,x,p) = f ln (x,p). The following lemma is easily proved by 
induction: 

Lemma 6 For a proper small A, the sequence (f n ,F n ) is constituted by C 2 functions 
and the following estimates holdWn£ N: For j,k £ { 0 , 1 , 2 }, 0<j + k<2, 


ll^9 p fc /n(i)||oo<CA(l + |t|) fc , VteM; (4.5) 

for all (t,x)£ x : 

V n {t)= sup {|p|: / n (s,x,p) ^ 0, for some x} < 2R, (4.6) 

0<s<£ 

Vol[supp/„(t,a:, •)] < C(1 + |f | + |x|)~ 3 , (4.7) 

\F n (t,x)\ <C'A(l + |t| + |a;|) _1 (l + |t-|x||)~' 1 , (4.8) 

\D k F n (t,x)\<CA(l + \t\ + \x\)-\l + \t-\x\\)- 7 / 4 , fc = l,2. (4.9) 
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Proof: The estimates (TOl) . (THfli and (1X71 in the case n = 1 follow directly from the 
definition of fi. For in the case n = 1. note that the integral representation 

formula for E\ reduces to the first integral of 12. 1511 . namely 

dy 

x-y | 2 

(From now on it will be understood that the integrals in p are over the set {|p| < 27?} 
and the ones in y over Q a (t,x), with a = a(2R)). The previous integral is bounded 
by CA/f i.e., using lemma 4, 

\Ei{t,x)\ <CA(l + |t| + |a:|) _1 (l + |t— |a:||)"*> 


dpa 1 {u>,p)f 1 (t-\x-y\,y,p). 


E 1 (t,x) = - j - 


The same is true for Bi and therefore (im in the case n= 1 is proved. Analogously, 
the representation formula for DE\ reduces to the integral (TOll . with g = /i and 
therefore lemma 0 gives 14.9li t.-i in the case n= 1. In a similar way, for D 2 E\ one 
has 

D 2 E 1 (t,x) = J J dpbi(to,p)Df\(t— \x — y\,y,p), 

which, applying lemma 0 to g = Dfi, is estimated by 


\D 2 Ei(t,x)\ < C 


(||-D/ 1 ||oo + ||-D 2 /i||oo) 


(l + |i| + N)(l 

< CA(1 + |t| + |cc|)“ 


+\t-\x\\y /4 


- 7/4 


Now assume that 14.51) 14.911 hold for (f n ,F n ). Since FSC is satisfied for r) = CA, 
then for a proper small A the estimates 14.611 . 14.711 follow by lemma ^ and corollary 
^ The same is true for 14.511 in the case j + k < 1, while the case j + k = 2 follows by 
using the estimates on the second derivatives of F n . Precisely, the argument for the 
proof of lemma H shows that the characteristics satisfy the estimate 

\did!;(X,P)(0,t,x,p)\<C(l + \t\) k , for j + fc = 2, 
provided that the field satisfies FSC (for a proper small rf) and 
\d 2 x F(t,x)\<C{l + \t\ + \x\r a {l + \t\-\x\)- a -\ 


The details are omitted because they are the same as for the proof of lemma □ To 
complete the proof of (EH) we apply lemma 0] to the representation formula 


Pn -\-1 (C X ) 


dy 

\x-y\ 2 
dy 

\x—y \, 


' dpai(u,p)f n+ i(t-\x-y\,y,p) 
dpa 2 (uj,p)(E n +pAB n )f n+1 (t- \x-y\,y,p) 


which is proved as lemma |5] Similar equations can be written for the first and the 
second derivatives of E n+ 1 . By applying lemmas 0 and 0 to these equations, the 
estimate EH1> follows after a straightforward argument. □ 
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Step 2: Convergence in the C° norm 

In this step we will prove the convergence of the sequence F n with respect to the 
norm || • || 3 / 4 . Indeed the convergence holds in the norm Id.411 for all 0<w< 1. The 
choice w = Z/A suffices for our purpose and it is made only for sake of simplicity. 

Proposition 4 For properly small initial data, the sequence F n converges in the 
norm || • || 3 / 4 . 

Proof: Put <5/n, m = /n — fm and 5F n , m = F n — F m . The analogue of (12.151) for the 
approximation sequence is 


En{t,x) 


-/ dpa 1 (u,p)f n (t-\x-y\ 1 y,p) 

x — y\ J 

^y f 

-- / dpa 2 {u,p)K n _if n (t,-\x-y\,y 1 p) 1 

x-y | J 


where K n - \ = E n _ 4 + p A I3 n _ i. Thus 


(4.10) 


SE n 


Estimating: 


dy 

\x-y \ 2 
dy 

\x-y |„ 
dy 

\x-y\, 


' dpa 1 (u,p)5f n , m (t-\x-y\,y,p) 
dpa 2 (u),p)K n - 1 Sf n!m (t-\x~y\,y,p) 
dpa 2 (w,p)5A„_i jm _i/ m (t- \x-y\,y,p). 


\SE n , m \ < C (^J | T ^|2 J dp\Sf n ,m\(t— \x — y\,y,p) 

+ J j ~^J dp\ F n-i\\Sfn,m\(t-\x-y\,y,p) 

dy f 
x-y\J 



dp|<5F n _y m _i|/ m (t- \x-y\,y,p)^J =C^/i+/ 2 + / 3 ^ . 


For / 3 we use that 


< CA f dy \ 6F ^-i-^i\i.t-\x-y\,y) 

~ J \x-y\ (l + |t-[a:-y|| + |y|)3 

< CA||^ n _ 1 , jn _ 1 || 3/4 J j^-(l + \t-\x-y\\ + \y\)~ 19 / 4 

< CA||«5A n _ 1 , m _ 1 || 3/4 (l + |t| + | a; |)- 1 (l+|t-| a; ||)- 7 /4. (4.11) 


Here we used (Id. 61) with P = 2 R. To estimate I\ and / 2 in a proper way we need to 
carry out a factor ||5i 7 ’n-i,m-i|| 3 / 4 - To this purpose we notice that, by (14.41) . 


dtdfn,m T P * Pxdfn,m T En— 1' 9pS fn,m — hl\. n —l,m — l ' Ppfm- 
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Integrating along the characteristics of the Vlasov equation we get 

&fn,m(Pi3'iP )— / (^n—l,m —1 +-fn I, m —i) •9p/ m (r,-X’ n (r),P n (r))dr. 

Jo 

^From the previous equation, inequality (14.511 and the estimate |X„(r)| < R + a\r\ we 
deduce 

\8fn,m{t,X,p)\ < C'A||(5F„_ lim _ 1 ||3 / 4(l + |t|) 1/4 . (4.12) 

Hence 

h < CA||5F Tl _ 1 , Tri _ 1 ||3/4 J^^{l + \t-\x-y\\ + \y\r 11/A 

< CA\\SF n -i^ m -i || 3 / 4(1 + |f| + |ir|) 1 (l + |t—|a;||) 3 ^ 4 , 

l 2 <CA\\SF n _i tm _i\\ 3 / A J —^—(l + \t — \x — y\\ + \y\) 19 ^ 4 

<C'A||<5F„_ 1 , ro _ 1 || 3 /4(l + N + k|)- 1 (l + |t-|a ; ||)- 7 / 4 . 

Adding the various estimates we get 

(l + |t| + |a:|)(l + |t-|x||)- 3 / 4 |<5K,m(i^)|<C'A||(5F n _ 1 , m _ 1 ||3 / 4. 

An identical estimate holds for 5B ntm and therefore we finally get 

\\SF n>m \\ 3/i < || 3/4 . (4.13) 

If the initial data are small enough in order that CA <1, then F n is a Cauchy 
sequence in the norm || • || 3 / 4 and so it converges uniformly and the limit function 
F = (E, B ) satisfies 

\F(t,x)\< CA(1 + \t\ + \ x \ r \l + \t-\ x \\)- 3 /\ (4.14) 


□ 

By 14. 1211 . the sequence f n (t,x,p ) converges uniformly with respect to ( t,x,p)G 
[—T,T] xRjXlp, for all T>0. The limit function (f,F) of the sequence ( f n ,F n ) 
is a continuous solution of RVM ret . Moreover, substituting (Em into the second 
integral in the right hand side of (l2J5l) . we find that E(t,x) satisfies the estimate 

\E(t,x )\< CA(ll+ll 9/A ) < CA(1 + \t\ + |x|)- 1 (l + \t- wi)- 1 . 


The same is true for the magnetic field and so CE3 is proved. 

Corollary 2 The following inequalities hold for all t SR. and (x,p) £S(f): 


0 t,x,p)\<0 + \t\) 1/4 q n< m, 

(4.15) 

n,m (0)| < (1+ \t\)q n ,m: 

(4.16) 

|^-fn,m(0)| ^ Qn,m ? 

(4.17) 


where q n ^ m — >0, asn,m—>oo. 
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Proof: 14.1511 follows by tni. To prove (TTTTH) . (TT7T7I) we use that, by means of 
ED, say for 0 < s < t, 



Moreover by the known C l bounds and the Cauchy property of F n in the norm 

II • 113/4, 



Combining the last two inequalities we get 



Hence, by the Gronwall lemma: 

which concludes the proof. 


(4.18) 


□ 


Step 3: Convergence in the C 1 norm 

In this step we will prove the convergence of the sequence DF n with respect to the 
norm || ■ ||x (which again is not optimal but sufficient for our purpose). 

Proposition 5 For properly small initial data the sequence DF n converges in the 
norm || ■ ||i. 

Proof: Put 6Df n , m =Df n -Df rn and 5DE n ^ m = DE n - DE m . By 12.221 1 we have 



I 1 +I 2 + 1 3 - 
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For I 2 we write 


\h{t,x)\ < C J dp J \F n -x\\8f n ,m\{t- \x-y\,y,p) 

dy 

\8F n -i tm -i\f m (t-\x-y\,y,p ) 

< 4 9/4 «™,m < + N + M) _1 (l + I* ~ M1)" U/4 , 

where we used the estimate (TTTiili and the Cauchy property of F n in the norm || • H 3 / 4 . 
The integral I\ is further split as follows: 


+C / dp 


h = / dy —b / dy 

J\x—y\<l J\x—y\>l 


For the second integral we have, by 14.151 1. 


'\x-y\>l 


dy---< q n , r 


dy 


l\x-y\>l 


\x-y\~ 


T ll + \t~\ X -y\\ + \y\)-^\ 


The integral in the right hand side of the previous expression corresponds to the 
integral I/ 11 / 4 which has been estimated in the proof of lemma 0 (cf. (A.3) in 
appendix). The result is (see (A.4)) 


[ dy-<q nim (l + \t\ + \x\) 1 (l + |t-|a:||) 3/2 . 


(4.19) 


J\x-y\>l 

For the first part of the integral I\, we have, by the same argument following eq. 
(A.2) in appendix, 


l\x-y\<l 


dy—<C 


f 

Jt-1 


||<5T ) /n,m(r)||oo 

-1 (i + M + M ) 3 


(4.20) 


We will prove afterwards that 


\6Df n , m {t, x, p)\<(l + \t\)[q n , m +CA\\SDF n _ 1: m _!||i]. (4.21) 

Hence substituting into (TOiHi and adding to 14.1911 we get 

|-Tl| < (1 + \t\ + |^|) X (l + \t~ Ml) 1 (Qn,m+C'A||(SZ?i 7, n _i jm _i||i). 

For I 3 we expand the integrand function as 

^(A^_i/ n )-i?(A m _i/ m ) = {DK n _\)8f n ^ m + {D 

A fm,dDK n — l ; yn_l A Kn—1 dD f n m 

and therefore, after some straightforward estimates, 

I-^ 3 1 < (1 + |t| + M) 1 (1 A — \x \|) 1 (<jn,m A C/\\\6DF n -i trn -i || 1 ). 
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Summing up the various estimates we get 

(1+ |t| + |a;|)(l + |t — \x\\)\SDE n ^ m | < q nm + C A\\SDF n _i m _i ||! 
and so, by the analogous estimate for any other first derivative of F n , we conclude 
||<5-DPri,m||l < qn^m + CA\\5DF n -i trn -i\\i. 

For properly small initial data, the previous inequality implies that DF n is a Cauchy 
sequence in the norm || ■ ||i and so that it converges uniformly. Therefore, F is a C 1 
function and satisfies: 


\DF(t,x) \ <CA(l + |f| + |:r|) -1 (l + |f~|a;||) -1 . (4.22) 

Let us prove now the inequality say for t > 0. By (TOll we have 

\SDf n , m (t,x,p )| < \d x f in (X n ,P n )\\ 6 DX nim \ + \d p f in (X n ,P n )\\ 6 DP ntm \ 
+\DX m \\d x r(X n ,P n )-d x f in (X m ,P m )\ 

+\DP m \\d p r {Xn ,Pn)-d p f in (X m ,P m )\ 

< CA{\6DX n>m \ + \6DP n , m \ + \6X n>m \ + \6P n ,m\), (4.23) 

evaluation of the characteristics at s = 0 being understood. By (EJ: 

\6DX n>m (s)\< [ dT(\6DP n , m (T)\ + \6P n , m (T)\), (4.24) 

J S 

\6DP n , m (s)\< f dr|D[A' rl _i(T,X„(r),P n (r))]-D[/\ m _i(r,X m (T),P m (r))]|. 

J S 

( 4 -25) 

The integrand function in is expanded as follows: 

P[A„_i (r, X n (r), P n (r))] - D[K m _ 1 (r, X m (r),P m (r))] 

= d x E n -i(T,X n )6DX n , m + DX m [d x E n -i(T,X n )-d x E m -i(T,X m )] 

+P„_i (r, X n ) A 5DP n ^ m + DP m A [P„_i (r, X n ) - B m _i (r, X m )\ 
+P n /\d x B n _ 1 (T,X n )6DX ntm +6P x , m Ad x B n - 1 (T,X n )DX m 
+P m ADX m [d x B n _ 1 (T,X n ) - d x B m _i(T,X m )]. 

Using the known bounds on F n and DF n we get 


\SDP ntm (s)\ < q nt m + C dr(l + r) 11 /A \5DX n ^ m (r)\+C J ^ dr(l + r) 2 |<5P>P n)m | 
+C dr |P ra _i(r, A' n (r)) — P m _i(r,X m (r))| 

+C^ dr|PP ri _ 1 (T,X n (T))-PP m _i(r,X m (T))|. (4.26) 


20 


Now we substitute (IP1) into iron and use 
\B n -i(r ,X n (r)) — B m _i(T,X m (r))\ 

< [(l + r ) _7/4 + (1 + t — r)(l + t) _ 11/4 ] g„ jm , 


\DF n -x(r ,X n (r)) — DF m -! (r, A m (r ))| 

< \DF h -i(t ,X„(t )) — DF m -i(r,X n (r ))| + \DF m -\(r,X n (r)) — DF m -i(r,X m (r))\ 

<C(1 + t) 2 ll^-Fn-l.m-l 111 + [(1+i — t)( 1 + 7") 1:L ^ 4 ]gn,mj 

which follow by the known bounds on the first and second order derivatives, the 
second of ron and the Cauchy property of F n in the norm || • H3/4. In this way we 
get 


|<5-D-Pn,m(s)| < Qn,m + C\\8D Fri-l,m-l ||i 

+ [ dr[(l + r)- 2 + (l + t-r)(l + r)- 11 / 4 ]|5 J DP„, m (r)| 
J S 

and so, by the Gronwall lemma, 


I dDP nrn | < (g„ jm + C'||dI?P n _i jm _i||i). 

Thus by (IP1 . 

\SDX n>m \< ( 9n , m + C||^F rl _ 1 , m _ 1 || 1 )(l+t- S ). (4.27) 

Taking s = 0 and substituting into 021, the estimate on follows after using 

rrm and 1X171 . □ 

By means of G2B- Df n converges uniformly in x,p and pointwise in t. The same 
argument permits to prove that even the p-derivatives of f n satisfy this property and 
therefore the limit function (/,F) is C 1 . Substituting (14. 2211 into the last integral of 
iron . the estimate (11.91) is proved by using again lemmas 0] and p] This concludes 
the proof of theorem H 
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Appendix 


Proof of lemma 4 


We will use repeatedly lemma 7 of fS] , which we rewrite below in a form more suitable 
to our case. 

Lemma A For any function g £ C°(R 2 ), a > 0, b £ (a, + 00 ] and n £ N: 


dy 


f a<\x—y\<b 


\x-y\ 


-g(t-\x-y\,\y\) 


2t r /’ t " a dr 

\x\J t _ b (t — t) 71-1 


r\x\-\-t—r 
\x\— t+r| 


dXg(r,X)X. 
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Estimate on If and If for t < 0 

For t < 0 we have \t — \x — y | | = — t + \x — y | and by lemma A we have: 


If(t,x) = J j-^—^l-t+\x-y\ + \y\Y 


= H /*. 


c|-t+r| (l + A-r)« 


For A we use 


For B we use 


■ = A + B. 


2tt , r t+l ' 


dr / 

— OO J t—\x\—T 

f't—\x\ nt-\~\x\ — 

dr / 


-\x\-t (l + A-r)« 


\ x \ J~oo Jt-\x\-r (1 + A —t) 9 1 

, c r M dT ° 


2tt r f rbl+t-T \ 

B = — dr -— - r d\ 

\x\Jt-\x\ J\x\-t+r (1 + A -T)1 


\x\{l-t+\x\Y~ l J t _| 
C 

~ {l-t+\x\) q ~ 2 ' 

For n = 2, t < 0. we write, again using lemma A, 


[ (■t — T)dr 

J t—\x\ 


= J | t ^| 2 (1-*+|s-2/| + M)~ 


27t f dr 


i-\x\+t—T 


l-oot-T J\\ x \_ t+T \ (1 + A-t)« 


■ = A + B. 


For A we use 


27t r*~M dr B+W-T a 
" \X\J- oc t-Tj t _ lxl _ T (1 + A -T) q 

< 9- [*~^dr( *+N-r \ r t+ w- T _ d\_ 


t-r Jt-\x\-T (l + A-r)« 


(1 -r)® (l-t+lxl)?" 1 ' 
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For B we use 


B.p,f — /'" +,-T ,, * d\ 

\ X \ Jt-\x\ t — TJ\x\- t +T (l + A-r)9 
, C f* dr [W +t ~ T 1 
“ \ X \ Jt-\x\ t~ T J\ X \-t + T (1 + A — t) 9-1 r 

< c r — [ M+t ~ T dx 

- |x|(l —t + |a:|) 9_1 , x | t-T J | x |_ t+r 

C 

~ {i-t+\x\y~ l ' 


Estimate on If for t > 0 

We split If as follows: 


If(t,x) = j 

j\x 


dy 


—s/I <t \x-y\ 

f dy 


J\x—y\>t I**' U I 

By using lemma A we have 


(1 + f—|z —y| + |y|) 9 
— (l-t+|a;-2/| + |?;|) q = IfA + If B - 


o _ /»£ /• larlH-t— r 

If A = — f dr [ d\ 


A 


r? — 
+b — 


11*1 


-t+r| (l + r + A) 9 ’ 


27T 


"|x|+t-r 


dr 


dA 


Now define 


(t- M)+ = 


(t- M)- = 


|-t+r| (l-r + A)« 

t—\x\ if t — |cc| >0 
0 if t — jic| < 0 

t— \x\ if t — \x\ <0 
0 iff— \x >0 


and split the preceding integrals as follows: 


T1 _ 27T 

1 A ~W. 


r(t-|*l)+ 


r»|x| +t—r 


dr 


dX 


o 


t-\x\-T (1 + r + A) 9 


2r 
\x\. 


c\+t—T 

dr I dX- 


T q — 

1 IB ~ 


! u ‘ I U/K (1 i _ , \)q ~ : !Aa + J lA/3> 

(t-|x|) + J\x\-t+r l i + T + A J 9 

2 ^ [{t- 1*1)- r\x\+t-T y 

I dA—-— 

t—\x\—r (1-r + A) 9 

r\x\+t-T \ 

L„ + , dX Jl^T + Xyi = 7 ‘ b » + I ' B6 ' 


dr 


2tT f 0 

+ 77 / dT 

\ x \ |x|)_ 
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Thus, finally 


Estimate for If 


If(t, x ) — If Aa + ^lA/3+ 


1 Aoc 


(~t /•(* —l*l) + 

s wl *. 


dX 


r\x\ +t—T 

t—\x\—r (1 + t + A) 9-1 


< 


< 


c 


r( i -|*l)4 


dr 


dX 


Ax\ +t — T 

(l+t-\x\)«-z L x , t '(1 + t + A) 2 


C(t- |x|)+ 


(1+f- |a:|)« _2 (l + <+ |x|) 
Estimate for If A/3 


<C'(l + t+|a:|)- 1 (l + |t-|*||)-« +3 . 


T q < 

-I 1 / 1/0 ^ 


c 


dr 


\x\-\~t — T 


dX 


1AP |*| J(t-\x\)+ J\x\-t+r (l + r + A)« 1 


< 


C 


dr 


t — T 


(t-|*l)+ (1 — t + \x\ +2r) <? 2 (l + f+|a;|) 


< 


C{t-(t- |x|)+) 

M(i + |f| + M) J(t-\x\)+ 


< 


c 


f dr(l — t+\x\ + 2r) 2 q 

J(t- \x\) + 

1+ |f| + \x\ ^ (1 + f + |a;|) <?_3 (l — f + |a;| + 2(f — |x|)+) 9-3 
< (7(l + f + |a;|) _1 (l + |f — |a;||) _9+3 . 

Estimate for If Ba 

dX 

lt-\x\-T (1-T + A)'? -1 


n r(t- 1 * 1 )- f\x\+t-T 

s uL dT 


f.(t-|cc|)- 


< c 


dr 


(1 + f— \x\ — 2r) q 2 (l + f + \x\ — 2r) 

< C(l + t+ |a;|) _1 (l + f- \x\ — 2(t — |x|)_) _9+3 

< C'(l+t+|®|)- 1 (l + |t-|*||)-« +3 . 


Estimate for If B p 

rq < £_ [ 0 _ (t-r)dT _ 

1Bd ~ \x\J(t-\x\)- (l-t + \x\) q ~ 2 (l + t + \x\-2T) 

< C (^-(f-|x|)_)|(f-|xl)_| 

_ \x\ (1 — f + \x\) q ~ 2 {l-\-t+ |ar|) 

< C(H-t+|®|)- 1 (l + |t-|®||)- 9+3 . 


(A.l) 
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Estimate on If for t > 0 

The integral If is split as If in (A.l), namely 

/| (t, a;) = If Aa + ^ 2 A (3 + ^ 2 Ba + ^ 2 B (3 > 

where, using lemma A, 

2tt dT r\x\+t-r x 


T q — ■ 

1 2Aa — 


dX- 


t-Tj t - |x|-T (l+r + A)9 


4V = 


7-9 - 

j 2Bq “ 


T q — 
1 2B/3 ~ 


2 n 


dr 


r\x\+t—T x 

dX- 


l(t—\x\)+t T J\x\—t+r (1+T + A)9 


2tt /-C*-I®D- d T [\A+t-r A 

d\- 


fi. 

2 n 

\x\. 


—00 

/•O 


t-rj t _ i x i_ T (1 -t + A) 9 ’ 


dr 


- 1*1 

f|x|+t—r \ 

dX- 


'(t—\x\)- t T J\x\—t+T (1 T + A) 9 


Since the argument to estimate the preceding integrals is very similar to the one 
used for If, we just show how to estimate If Aa - 

C \ x \ + t-r /•l"l+ t — dX 

*2Aa — 1 1 I “ r 


X 


f 0 




t-(t-\x |)+ / 7o 


i —T Jt —|x| — t (1 + A + r) 9 

(*-kl)+ 

dr 


< 


(i+ t +N)("i + t -N)^ 1 - C(1+l + W) ~ 1(1 + |, ~ WI) 


(1+t- |x|) 9_1 (l + f + |:r|) 
-1/1 1 1+ uin-g+2 


Proof of lemma 5 

We divide the integral I{t,x ) in two parts as follows: 

/= / dy + / dy-. 

d|a;-y|<l J |x—y|>1 

Following [3J, we rewrite the first integral as 


(A.2) 


i\x-y\<l 


dy--- = 


n- 

rt 


dr dp bi (u>,p) 

1 J J\u\=i 

dr dp bi (u>,p) 

1 J J|oi| = l 


g(r,x+(t-T)u,p) 


dco 


t — r 

g(T,x+(t-T)u;,p)-g(T,x,p) 


where the property 12. 2511 has been used. Then 

[ dy---<C* sup ||-Dg( r )l|oo [ 

J\x—y\<l t—l<r<t Jt- 


t — T 


dr 


duj , 


_i(l + |r| + N) 3 

< C'*||Z? 5|| 00 (1 +|t| + |x|) 3 

< aii^fliiooCi+itl+Nr^n-it-Ni)- 2 . 
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For the second part of / we write 


' | x - k |>1 


d'y-<C*\\g\\ 00 


dy 


\x-y\>l 


\x-y | 


^l + \t-\x-y\\ + \y\) 3 = C^\\g\\ 00 II{t,x). 


Since an integral similar to II(t,x) needs to be estimated to prove proposition 0 we 
will treat the more general case 


II q (t,x) = 


dy 


r (l + |t-|a;-y|| + | 2 /|) 9 , q> 2. (A.3) 


J\x-y\>x \x-y \ 3 

We will prove that 

II q (t,x)<C(l + \t\ + \x\)-\l + \\t-\x\\)- q+5 ^. 
We start by splitting II q (t,x) as follows: 


n q {t,x)= f 
j i 


•+ 


l<|x-y|<l+|t-|x| 


/|x-y|>l + |t-|x| 




For Ilg we use 


II B<J^0l^<C{l + \t\ + \x\)- 1 (l + \t-\x\\)- q+1 . 


The estimate on II q A for t < 0 is 


II\< 


< 


dy 


’ l<\x—y\<l — t+\x\ l*^ 

c r 


-y\ 


3 (l-f+|a;-y| + |y|) 9 


(1 tJl<\x—y\<l — t+\x\ 


dy\x-y 


1-3 


(A.4) 


The estimate on II\ for f >0 requires a more careful analysis. 

Estimate on II q A for t > 0, \x\ < 1 

Fort<l, II\ is dominated by the same integral extended over {1 < \x — y\ < 3} and 
so the estimate is straightforward. For t > 1 we have t — \x\ > 0 and so we may split 

dy 

(l-t + \x-y\ + \y\)~ q 


III as follows: 


II\ = / - -- 

h<\x-y\<t \X-y \ 6 


J t<\x—y\<l-\-t—\x\ 

= IIll + II q A2- 


(l + t-\x-y\ + \y\) q 
dy 

\x-y | 3 
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Using lemma A we have 


A 1 = 


2ir 


dr 


i-\x\+t — T 


dX- 


X 


I o (t — r ) 2 J\\x\+T-t\ (l + r + A)9‘ 

Since t — 1 < t — \x \, then |x| + r — t < 0 and we have 

r*- 1 dr \x\+t-r 1 rM+t-r dx 

t-T t-T {l+t-\x\)i~ 2 J t , x \_ T (1 + r + A) 2 


£ Wd 


<C(l + t-\x\) q+1 (l + t + \x\) 1 [ dr{t-T) 1 

Jo 

log t 


< C 


— r(l+t + |x|) 


(1+t— |*|) 9_1 
<C'(l+t+|a;|)- 1 (l + |t-|*||)-« + * ) 


since t > 1 and t — \x\ > 0. 


For H% 2 we write 


11% = 


2it 


dr 


r\x\+t- 


dX- 


X 


C_ 

< c 


'|x|-i (t-T ) 2 Jt-\ x \- T ' (l-r + A)« 
f° dr \x\ 

!\x\-i t-r (1 + t- \x\ -2r) <?_1 (l+t+ \x\ — 2r) 
logt + log(l+t- |*|) 


(l+t+ |*|)(l + t- \x\) q 1 


< C , (l+t+|*|)- 1 (l + |t-|®||)-« + ». 

Since in the following the details are very similar, they will be omitted. 

Estimate on II q A for |*|>l,0<t<l 

In this case we have t — \x\ < 0 and \x — y \ > 1 > t and so 

-?V(l-t + \ x -y\ + \y\)-0 


H q A = 


' l<\x-y\<l—t-\-\x\ 


\x-y\ 3 


27r 

i*i . 


rt -1 


dr 


21- 




\x\+t-T 


dX- 


X 


-i-\x\ (t-r) 2 J\\ x \ + T-t\ (l-r + A)9‘ 


Since 2t — 1 — \x\ < t — |*| < t — 1, we split the last integral as follows: 


H q A = 


2tt /-‘- |x| 


dr 


\X\-\-t — T 


dX- 


X 


!2t — l — \x\ d *) Jt—\x\ — T (1 T + A) 


2ir 

+ 7—7 


rt -1 


dr 


r\x\+t — T 


dX- 


X 


-Ilh + IIh, 


|*| Jt-\ x \ {t-r ) 2 J\ x \+r-t "''(l-r + A) 1 ? " A1 A2 ’ 

and each component is estimated as before. 
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Estimate on II\ for |a;|>l,f>l 

Case t — \x\ > 0 

Since l+t — \x\<t, we have 


H q A = 


dy 


’ l<\x-y\<l-\-t—\x\ 


■~y I 


3 (l + t-|a:-y| + |y|) 9 


27r 

i*i . 


dr 


dX- 


1*1 


-i (t~ T ) 2 J\\x\+T-t\ (1 + r + A) 9 


We further consider separately the regions \{t + l) <\x\<t and 1 < |a’| < \{t+ 1). In 
the first case one has \x\ — 1 > t — \x\ and therefore II\ reduces to 


H q A = 


2tt 


dr 


r\x\-\-t —t 


d\- 


•\x\ 


-i r ) 2 J\x\+r-t {l + r + \) q 


which is estimated as before. For 1 < \x\ < i(f +1) we write 


"|*| +t — T 


X 


2tt r m dr 

IIa = ri I 7—T7T / dx- 

l*|7|x|-i (t~r) 2 Jt-\x\-T (1 + r + A) 9 


27r 

H“i —7 


r t-l 


dr 


•\x\-\-t — T 


dX- 


X 


*1 Jt-\x\ {t-T) 2 J\x\+T-t (1 + r + A) 


= II q A1 +II q 


A 2 


and each component is estimated as before. 


Case t — \x\ < 0 

For |a;| < 2t — 1 we write 


H'i = 


dy 


’ l<\x—y\<l — t+\x\ 


X 


-y I 


3 (l + t-\x-y\ + \y\) q 


2tt r*- 1 dr 

\x\ J 2t _\ x \_i ( t~T ) 2 , 


f |*|+t- 


dX 


\x\+r-t (1 + r + A) 9 


where we used that t — \x\ < 2t — |cc| — 1. For |cc| > 2t — 1 we write 


H q A = 


dy 


l<|x— y\<t y I 


:(l + t-\x-y\ + \y\) q 


f dy 

Jt<\x—y\<l — t+\x\ I* V I 


{l-t + \x-y\ + \y\) q 


2tt C- 1 dr rW+t-r x 

1*1 Jo (t-ryJ lxl+T _ t dA (l + r + A) 9 

— r — f lxl+t ~ T d\ x 

+ I*| J 2 t-\x\-l (t-T ) 2 J\ x \+T-t (1-r + A) 9 ' 


The usual argument applies to estimate all the above integrals and concludes the 
proof of lemma 5. 
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